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How to compute low din cohomology groups
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Motivation

Group cohomology of G encodes information

about G and the nodules it acts on

Group actions appear everywhere in math

group cohomology becomes a powerful tool to extract

information in such situations For example
in alg top and number theory many
theories depend heavily on group cohomology

for example class field theory



Diff causate so

A a G nodule abelian group with G action

compatible with gp str ZG module

Then we have functors

G nod Ab

C 1h A A AEA ga a geca

C 7g A 1 Am A Lga a geG atA7

Note that C Honed 2 which is left

exact and C 76 1 7 2 which is right
exact Hence we have a night derived

factor RHongale and a left derived

factor LC 52 and we define

D etiHilG.RS HilRHomzgCE A Ex
afEhf

H G A Hilt Age Tor E A

we will see that both functors can be

I computed via the same resolution



I a at to groups to e A

can be computed by taking a projective
resolution of 2 e.g a free resolution

Then we note that Ext E A can be

computed either via an injective resolution of

A or as a perversion of E

Indeed the functor Homad A may be

viewed as a covariant functor

Modem Ab

which is again lett exact and we

consider RHougal IA Since Moden has enough

projectives and injectives we get

RHongale A Ex
a
E A Hommany 407 Ali

which can be computed by taking a

projective resolution P E

Homgim.ua 40 Ali Houseman P Ali

Homema P Ali H Hom P A

Morph of coup
modulo homotopyequine

HongaPo A Homade A

what is good about this approach is that

we can use one projective resolution to

compute both H G A and H G A



Tce
The following is a free hence projective

resolution of 2 as a EG module 8191 1 Agee

268 C n End ad.Q.si EG 2

with D Efi d and

g 92 ign i u

dilgi ign Cgi _gigin ign is ien_

g ga n i n

t dinesinalkolho ologygroupsi

EGEE.AE 1 1 A d A A

How EG A A A At
11 dec A us view as map a A

0 dig a ga a

d a g ao do d g a g 1 ga a

Hola A atA ga a o 3

HOCG.tt A Lga a gohueASfdi

1 dlgiogzoa grogia gig at g a

a gi.ge Go do ditda ginga



Go g ga giga ga

g 6cg cecg.ge Ecg

Him.at
ai

yyu.nnnn.gg

di m2 dv4 giiga gz 6o do ditdz d giig.gs

g 6 go.gs E ggo.gs 6cg gzg3 6cg gr

IIih AIE.tk
eHS9B

Encodes associativity

a group Ayk with underlying set AxG

and group structure given by

ctigstltig.l Cttgti ecg.esggf
The cocycle condition exactly gives us that

this addition is associative
it theretwo extensions are

adf.tn te followingis an iso I E

diagram commutes



0 A_ E a_ 1

1 Extla.AT n

There is a group structure on the set lot
such extensions given by Borum

E E EEE C a a atA

There The map
H GA EXT G A

H
e AIG

is an isomorphism of abelian groups

Fibroupcohenologyisaspecalcase
of Hochschild cohomolog see notes on Hochschild

cohomology



IE iE n tatineinsk
and let M be an R R bimodule or equivalently

M is a lett nodule for the algebra Re R R

acting n'a carob m amb The Hochschild

homology and cohomology are defined respectively

by THHIR.MS orIKCM RItad
HH R M ExtfgdRMI

This generalizes group cohomology as follows

if we take R EG and declare G to act

Givially on M as a right module then

Tor'E M 2
torfeaecmfgjbimduteExtial

E.ms Extine EG

The Hochschild co homology is computed in a

very similar fashion as we did for group

co homology he resolve R as R R

R 3_ 2
R

with differentials d Efendi where

ditro rn to ririt ornifoeis.nu

to rn it i n



he claim that this complex computes the

Hochschild co homology after applying How 1M

M Wiebel Lemma 9.1.37

GA ta

lsenotebookdweusedTPWTT.tt.eH
i 2dim Dg 8122 2

I ztQ.BZ 2 di HQg Z122 2

IfG DgorQg the we expect that

dim G 8122 2

since 2122 has trivial G actin

H a 2123 Hong G 2122

Hong G ma 6122 I 6212272

since G a a E 2123

Next time he will use spectral sequences

to see that the difference between

dim 0812122 3 dim 28,2122 2

can be explained by the fact that
there is a split exact seg



0 2142 Dg 122 0

whereas the analogous seq

0 2142 iQg_ 2123 U

does not split

Alternatively it can be explained by
the fact that if we write

g Lab 1 a 1 a 511 abab

then the relation a is contained

in the normal closure of a 5 abats's

inside the free group on a and b i.e

the relational structure is generated

by 2 din H'CQs 2123 relations


